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This ar t ic le  considers  the condition for instability of the surface waves in a liquid sys tem in 
a strong external electr ic  field. As a result  of the viscosity,  such surface waves lead to vig-  
orous volume agitation, accelerat ing chemical  and physicochemical  p rocesses  occurr ing in the 
sys tem.  

Heterogeneous electr ic  fields have recently come into use for vigorous agitation in indust r ia l  physi-  
cochemical  or chemical  p roces se s .  Varying heterogeneous electr ic  fields make it possible to c rea te  wave- 
like motions at the surface of a liquid, which, through internal-fr ict ion forces,  produce powerful turbulent 
flows within the liquid and thus promote  good agitation. This permi ts  intensification of many p rocesses  
that require  agitation, including extraction, emulsion breakdown, synthesis of cer tain important compounds 
(hydrazine, nylon, etc.) ,  and solution of solids in liquids. 

If one places a rack of e lectrodes  connected to a quasivarying high voltage source at the surface of 
the liquid (homogeneous or multiphase, conductive or nonconductive) and another electrode, immersed  in 
the liquid, is grounded (Fig. 1), wave-l ike motions develop at the liquid surface and, under cer tain con- 
ditions, become so intense that they lead to vigorous volume agitation as a resul t  of viscosi ty .  There  is 
no theory  of this p rocess ,  although pract ica l  applications of such an agitation method have been discussed 
in a survey [1]. 

It is therefore  of great  interest  to consider  the conditions that must be observed to produce vigorous 
liquid agitation under the action of an external electr ic  field and to evaluate the energy consumed. It will 
be shown below that vigorous agitation occurs  if the distance between the electrodes and the rack is equal 
to, or shor ter  than, the optimum wavelength, since resonance occurs  in this case and the amplitude of the 
superficial  waves is small .  These optimum conditions depend on the cr i t ica l  e lec t r ic- f ie ld  strength and 
the latter in turn depends on the proper t ies  of the liquid (density, surface tension, kinematic viscosity,  and 
dielectr ic permeabil i ty) .  

We will determine the conditions under which v ibra tory  motions of a liquid in a heterogeneous, quasi-  
varying external electr ic  field a re  unstable and agitation is very  vigorous.  The relat ive motion of the phases 
in a local-gradient  e lectr ic  field will not be considered, so that we will deal only with the motion of the liq- 
uid as a whole, i . e . ,  will consider  the liquid or liquid sys tem to be "quasihomogeneous." 

Liquid motion can develop when the molecules move in the electr ic field in the direction of the grea tes t  
field gradient.  The initial perturbat ion develops at the instant when the external constant or quasivarying 
electr ic  field is applied. 

The equation of motion for a "quasihomogeneous" incompress ib le  viscous liquid is: 

O v _~ (vv)v == --  i_i_ grad p ~- ~Av - -  g. (1) 
Ot 9 

At small  motion velocit ies,  3v/~t >> (v~7)v. Takingthis  into account, Eq. (1) for the horizontal  component y 
and ver t ica l  component z can be written in the form 
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Fig, 1. Scheme of volume 
mixing of liquid: 1, 2) e lec-  
t rodes ;  3)l iquid;  a r r o w s  
show turbalent  j e t s .  

OVy = v [ a2v~ a~%. ) 1 Op (2) 
. a---i- \ @~ + - o Y  p a y  ' 

or, ( o % ,  o% ] 10p 
�9 = v  g. C3) 

The discontinuity equation for an incompressible liquid is div v = 0, or 

0% 4- Ov~ _ 0 .  (4) 
Oy Oz : 

We seek a solution to equation s y s t e m  (2)-(4) in the f o r m  of a fading plane wave (eonst expkz  + const  
expnz)exp(- icot  + iky) (Rek, Ren  > 0, with the z axis  d i rec ted  down into the liquid). The express ion  for  
the horizontal  veloci ty component  is 

vv = (a exp kz + ~ exp nz) exp ( ~  ir 4- iky): . (5) 

Using Eq. (4), we wri te  an express ion  for Vz: 

@ . ~  [3 exp nzl 'exp (---icot-4-iky), (6) [a~expkz k . Uz~ i 

Substituting Eq. (5) into equation of motion (2), we obtain 

If the re la t ionship between n and k has the f o r m  

the preceeding  equation can be  rewr i t t en  in the f o r m  

ir exp kz exp (--  ir iky) = - - - - 1  Op , (9) 
p @ 

Substituting Eq, (6) into Eq. (2) and taking into account Eq. (8), we find 

~a exp kz exp (--  io~t + iky) - -  g = 1 0p_p (10) 
9 0 z  

Joint solution of Eqs .  (9) and (10) yields 

P - - g z + a  expkzexp(- - io t+ik9) ,  (11) 
o T 

In order  to de te rmine  the constants  c~ and P, i t  is  n e c e s s a r y  to use  boundary conditions: the no rma l  
and tangential  p r e s s u r e s  at  the f r ee  boundary  of the v ibra t ing  su r face  ~(y) equal 0. 

An externa l  quas ivarying e lec t r ic  field exe r t s  p r e s s u r e  on the su r face  of the v ibra t ing liquid. The 
e l ec t r i c - f i e ld  potentiaI  a r e  

= % + e h =. - -  Eoz + const exp kz exp (-- ioJt + iky) 

over  the v ibra t ing su r face  (z > O) and 

, ,  = 1 (% + %) -_ _ E o z + const exp ( -  kz) exp (--  Rot + ikV) 
,S $ . . . . . .  
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beneath  the v ibra t ing  su r f a c e  (z > 0) and a r e  sought in a f o r m  such that  the p e r t u r b e d  t e r m  sa t i s f i e s  the 
Laplae ian  Ag~ = 0, A(?~ = 0 and disa tJpears  on moving away f r o m  the sur face :  

~ !  . . . .  - - -~o ,  ~;1~+2,  , 0. 

A s s u m i n g  that  the d i sp l acemen t  of the points  on the v ib ra t ing  su r f ace  is ~<(y) = cons t  e x p ( - i w t  + iky), we 
wr i te  

cr = - -  Eoz + Eo• (g) exp (kz), 

q/ Eo Eo (12) 
= -- z - -  • (y) exp (-- kz). 

8 8 

Using the bounda ry  condi t ions  for  the e l e c t r i c - f i e l d  potent ia l  (continuity of the n o r m a l  component  of 
the e l e c t r i c - f i e l d  induction),  the exp res s ion  for  the p r e s s u r e  has the f o r m  

1 F(Oq) 12 (--~-n') 2] ~= -- E~)(1--+)(1--2• 
8 ~  , 

with an a c c u r a c y  to t e r m s  of f i r s t  o r d e r .  
f ie ld  p r e s s u r e :  

We a r e  in t e re s t ed  only in the va ry ing  componen t  of the e l e c t r i c -  

At the f r e e - s u r f a c e  boundary  z = x(y) of the v ibra t ing  liquid, the n o r m a l  p r e s s u r e  componen t  is: 

2pv avz e + h p , _ p = O ,  (14) 
Oz R 

and the tangent ia l  p r e s s u r e  component  is 

p, ~ + - ~ - j  = o. (15) 

The  rad ius  of c u r v a t u r e  of the s u r f a c e  is R = 

(11), and (13), Eqs .  (14) and (15) y ie ld  

a2~4 

@2 

(a. ??,~ [ l + , ~ ,  j 
02~4 

@2 Taking into account  Eqs .  (5), (6), 

I o ] .... • 2 ikv  (a exp kz + ~ exp nz) + k 4~p e P 0V 2 aexpkz e x p ( - - i o ) t + i k v ) = O ,  (16) 

2nka  exp kz = (k ~ + n 2) fl exp nz. (17) 

In f i r s t  approx imat ion ,  we can  a s s u m e  

�9 _ v , .  ( 1 8 )  
at 

Different ia t ing  Eq. (16) with r e s p e c t  to t ime  and taking into account  Eqs .  (6) and (18), we find 

g - -  Eg k 1 - -  + e k ~  - -  2ivko~ - -  a exp kz + I ! e  . . . .  1 . -  + . . . . . . .  2i~ko ~ o x p n z  = o. 
P (19) 

On the b a s i s  of the compat ib i l i ty  condi t ion for  the solut ions to Eqs .  (17) and (19), taking into account  
Eq.  (7), we wr i t e  the d i spe r s ion  equat ion for  de t e rmina t ion  of the na tu ra l  v ib ra t ion  f r equency  for  the liquid: 

( io -o. 
~2k3 + 2 -  Vk 2 Vk 2 

At Im w > 0, the s y s t e m  v ib ra t ions  a r e  unstable ,  because  of the un l imi ted  i n c r e a s e  in v ibra t ion  a m -  
pl i tude with t ime .  

Let  us c o n s i d e r  the behav io r  of the s y s t e m  at low v i scos i t i e s ,  whe re  IL0[ >> p2k3. In this  case ,  we 
find f r o m  Eq. (20) that  

o~ = +- V-Lok  - -  4~2k ~ - -  2 i rk  2, (21) 
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where  

L o = g - -  E~~ k ( 1 - - 1 ) +  c~k.__~ ~ (22) 
4:~p p 

At low e lec t r i c - f i e ld  s t rengths  (L 0 > 0) the sur face  v ib ra tes  at a f requency 

( 2v2k4 ) 

At higher e lec t r i c - f i e ld  s t rengths  (L 0 < 0), 

E~o> e [4nak + 4~gp~ (23) 
8- -1  

motion is unstable,  since the vibrat ion ampli tude inc reases  with t ime  by the rule  

2v~k----~4 t ] 

For  la rge  v i scos i t i es ,  where  ILoI << v2k ~, 

~  4- - - '2k4- -+L~ 2 ~ i ' k 2 " 9  3 

At smal l  e lec t r i c - f i e ld  s t rengths  (L 0 > O) the v ibra t ions  have an aperiodic charae tor ,  with the f requencies  

Loi 4 irk2 ' ~ . . . .  ; 
c~ : --  -3- 2vk 

we a r e  in te res ted  in w2, which is the sma l l e s t  quantity.  At high e lec t r i c - f i e ld  s t rengths  (L 0 < 0), the v ib r a -  
tions have an aperiodic c h a r a c t e r ,  with slowly increas ing ampli tude 

[nol! 
fO 1 = 

2,vk 

and slowly decreas ing  ampli tude 

4 
0 )  2 = _ _  _ _  v k ~ i .  

3 

For  l a rge  v iscos i t ies ,  attenuation at the f requency w 2 is dominant since l%/w21 << 1. 

Let us analyze the behavior  of the s y s t em at ILol N v2k 3. After  t rans format ion ,  Eq. (20) yields 

2+ 2Az 2 - 4 z +  A 2 + 4 =0, 

where 

to = A, 

(24) 

z = 2 io) - - - -  or o ~ = i v k  ~ ' ( z - 2 ) .  (25) 

(25) that the v ibra t ions  a r e  unstable at  Re z > 2, because  of the unlimited in- It can be seen f rom Eq. 
c r e a s e  in ampli tude with t ime.  At Re Zcr = 2 (corresponding to Acr), the v ibra t ions  a r e  nonfading. In 
o rder  to de te rmine  Acr,  we must  solve Eq. (24). Using the Euler  method [2], solution of Eq. (24) reduces  
to solution to two second-o rde r  equations and one cubic reso lvent  equation, 

g3 + 4Ag~ _ 16y-- 16 ~ 0. (26) 

The roots  of Eq. (24) a r e  
1 

= [VVoo _+ (VV  + 
(27) 

1 
= T [ -  VVo _+ (VV - 

where  Yo, Yl, and Y2 a r e  the roots  of Eq. (26). 
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T A B L E  1. C r i t i c a l  P a r a m e t e r s  for  D i f f e r e n t  S u b s t a n c e s  

Substance cmZ/sec .erg/cm2/] g/cm3 kV/cm kV/cm ~o,cm cm 

Benzene 
Glycerol 
Water 
Ethanol 
Toluol 
Mercury 

2,28 0,00735 30 
43 6,8 63,4 
80 0,01 72 
33 0,015 24,1 

2,39 0,0067 24,8 
--  0,0012 472 

0,88 
1,26 
1,0 
0,79 
0,87 

13,55 

26,5 
25,6 
24,8 
17,6 
24,0 
75,0 

26,5 
42,5 
24,8 
17,6 
24,0 
75,0 

1,16 
5,1 
1,7 
1,1 
1,14 
l, 18 

1,16 
5,25 
1,7 
1,1 
1,14 
1,18 

Using  the  C a r d a n o  m e t h o d  to s o l v e  Eq.  (26) for  d i f f e r e n t  n u m e r i c a l  v a l u e s  of A, we f ind tha t  R e z c r =  2 
a t  A c t  = - 5 . 7 5 .  T a k i n g  th i s  into a c c o u n t ,  we f ind f r o m  Eq.  (22) tha t  the  s y s t e m  v i b r a t i o n s  a r e  u n s t a b l e  at  

E ~ >  e ( 23~pv2U _t_ 4~pg k )  e - - 1  ~ + 4 n o  . (28) 

It is  of i n t e r e s t  to  d e t e r m i n e  the l e a s t  ( c r i t i c a l )  e x t e r n a l  e l e c t r i c - f i e l d  s t r e n g t h  at  which  the  s u p e r -  
f i c i a l  v i b r a t i o n s  b e c o m e  u n s t a b l e .  F r o m  the m i n i m u m  cond i t ion  fo r  Eq.  (28), we f ind 

~ U @  li .5pv 2 k 2 -  = 0 .  (29) 

A so lu t i on  to  cub ic  Equa t ion  (29) can  be  foand by the C a r d a n o  me thod .  Since ana ly t i c  s o l u t i o n s  found by  the  
C a r d a n o  m e t h o d  a r e  c u m b e r s o m e ,  we wi l l  f i r s t  f ind the m i n i m u m  (c r i t i c a l )  wave  n u m b e r  k 0 a t  a s m a l l  v i s -  
c o s i t y  W "~ 0). In th i s  c a s e ,  Eq.  (29) y i e l d s  

The  c r i t i c a l  e l e c t r i c - f i e l d  s t r eng th ,  t ak ing  into accoun t  the  fo rego ing ,  is  g iven  by  the r e l a t i o n s h i p  

E~ > e 8~ V" pga . (30) 

As  an e x a m p l e  of i n t e r e s t  fo r  p r a c t i c a l  a p p l i c a t i o n ,  we wi l l  c o n s i d e r  a s y s t e m  with the  p a r a m e t e r s  
~ 3, P ~ 1 g / e r a  3, and ~ N 16 e r g / c m  2. Us ing  the above  r e l a t i o n s h i p ,  we f ind  tha t  the  s y s t e m  is u n s t a b l e  

at  E 0 > 20 kV/cm,  k 0 - 7.8 c m  -1, and  X 0 ~ 0.8 c m .  The  p r e s e n c e  of v i s c o s i t y  obv ious ly  l e a d s  to  an i n c r e a s e  
in the c r i t i c a l  f i e ld  s t r e n g t h  E 0. At  s m a l l  v i s c o s i t i e s ,  Eq.  (29) can be  u s e d  to f ind  the  a p p r o x i m a t e  c r i t i c a l  
wave  n u m b e r .  In th i s  c a s e ,  Eq.  (29), t ak ing  into account  t h o s e  q u a n t i t i e s  of f i r s t  o r d e r  of s m a l l n e s s ,  y i e l d s  

(y2 " 

The  c r i t i c a l  e l e c t r i c  f i e ld  s t r e n g t h ,  t ak ing  into accoun t  Eq.  (31), is g iven  by  the  r e l a t i o n s h i p  

E , ~  e (8n  t, 9~2g) e - -  i 9ga @ 23~ - . (32) 

p ~ 1 g / c m  3, a ,~ 16 e r g / c m  3, and  u ~ 3.3 s tk  i s  u n s t a b l e  when A s y s t e m  wi th  the  p a r a m e t e r s  ~,,, 3, 
Eu > 22 k V / c m .  

A s i m i l a r  me thod  was  u s e d  to c a l c u l a t e  the  c r i t i c a l  e l e c t r i c - f i e l d s t r e n g t h  fo r  d i f f e r e n t  s u b s t a n c e s .  
The  c a l c u l a t i o n  r e s u l t s  a r e  g iven  in T a b l e  1. 

The  a d v a n t a g e s  of t h i s  m e t h o d  o v e r  m e c h a n i c a l  a g i t a t i o n  inc lude  m o r e  u n i f o r m  a g i t a t i o n  o v e r  the m i x -  
t u r e  v o l u m e ,  s i n c e  t h e r e  a r e  no s t a g n a n t  zones ,  and  l o w e r  e n e r g y  c onsumpt ion ,  s i n c e  the  e l e c t r i c - f i e l d  
e n e r g y  i s  d i r e c t l y  c o n v e r t e d  to the  m e c h a n i c a l  e n e r g y  of a g i t a t i o n .  

In conc lu s ion ,  i t  shou ld  be  no ted  tha t  our  so lu t ion  to the  N a v i e r - S t o k e s  equa t ion  fo r  s u r f a c e  w a v e s  
p e r t a i n s  to a p u r e l y  e x t e r n a l  f low r e g i m e  and  the su f f i c i en t  cond i t ions  for  f low t u r b u l i z a t i o n  in the  l iqu id  
v o l u m e  n a t u r a l l y  canno t  fo l low d i r e c t l y  f r o m  th i s  so lu t ion .  Howeve r ,  it  ha s  been  shown e x p e r i m e n t a l l y  [1] 
tha t  t u r b a l e n t  a g i t a t i o n  of a l i qu id  o c c u r s  in a s t r o n g  e x t e r n a l  e l e c t r i c  f ie ld ;  t ak ing  th i s  into accoun t ,  the  
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instabili ty conditions for  surface waves can be used for analytic derivation of the neces sa ry  conditions for 
surface  waves, with the aid of viscosi ty  forces ,  to produce turbulent agitation within a liquid. 

v 
P 
y 

g 

P 

E0 

ff 

R 

N O T A T I O N  

is the velocity; 
is the density; 
is the kinematic viscosity;  
is the gravitat ional  accelerat ion;  
is the hydrostat ic  p ressure ;  
a re  the constants; 
is the strength of external  quas i -var iable  uniform ~lectric field; 
is the dielectr ic  permeabil i ty;  
is the surface tension coefficient  for liquid; 
is the radius of curva ture  of liquid sur face .  

lo 

2. 
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